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ABSTRACT. In this paper, an experimental procedure to evaluate the elastic-
plastic J-integral at the tip of a fatigue crack is presented. According to this 
new approach, the elastic component of the J-integral is derived from 
Thermoelastic Stress Analysis, while the plastic component of the J-integral is 
derived from the heat energy loss. An analytical link is proposed to apply this 
new experimental technique. Therefore, the elastic-plastic J-integral range was 
evaluated starting from infrared temperature maps measured in situ during 
crack propagation tests of AISI 304L stainless steel specimens. It was found 
that the range of the infrared thermography-based J-integral correlated well 
the crack growth data generated in small as well as large scale yielding 
conditions. Finally, the experimental values of the J-integral were successfully 
compared with the corresponding numerical values obtained from elastic-
plastic finite element analyses.  
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INTRODUCTION  
 
he development of infrared cameras having increased performances in terms of thermal sensitivity, spatial resolution 
and frame rate has given impulse to several experimental investigations involving the evaluation of temperature in 
Facture Mechanics problems. Some fields where infrared cameras have allowed an enhanced insight include: the 
investigation of local heating at the crack tip [1-3], the assessment of crack propagation based on the hysteresis energy [4-
15], the influence of thermal effects on stress intensity factors [16,17], the evaluation of the plastic zone size and its 
correlation to the heat energy dissipation at the crack tip [18-26] and the correlation of energy dissipation at the crack tip 
with the J-integral [27-29]. 
T 
                                                                G. Meneghetti et alii, Frattura ed Integrità Strutturale, 49 (2019) 82-96; DOI: 10.3221/IGF-ESIS.49.09 
 
83 
 
Recently [29], an experimental method and an analytical expression were formalized to evaluate the Rice’s J-integral [30] 
during a fatigue test. The  experimental method is based on full-field temperature measurements around the tip of the fatigue 
crack, by using an infrared camera having high temperature and spatial resolution. The proposed methodology evaluates 
separately the elastic and plastic contributions to the total J-integral. The elastic component is calculated from the 
experimental evaluation of the mode I Stress Intensity Factor by means of Thermoelastic Stress Analysis (TSA) [31,32]. The 
plastic component of J is estimated from the specific heat loss per cycle averaged over a control volume of material; the 
underlying engineering assumption is that the plastic strain hysteresis energy per cycle is fully converted into heat. The 
proposed methodology was applied successfully to fatigue crack growth data generated from push-pull, axial fatigue tests 
of 4-mm-thick hot rolled AISI 304L stainless steel specimens. 
In this paper, after a brief description of the theoretical aspects, the experimental procedure for the evaluation of the elastic 
and plastic component of the J-integral will be presented and discussed. 
 
 
THEORETICAL BACKGROUND  
 
Heat dissipation at the crack tip 
he first law of thermodynamics can be written in terms of power averaged over one loading cycle [29] (dot symbol 
indicates the time derivative): 
 
U W Q                          (1) 
 
where U  is the internal energy rate, W  the plastic strain energy rate and Q  the heat energy rate exchanged by a unit volume 
of material. The first law of thermodynamics, written in terms of energy averaged over one loading cycle, is shown in Fig. 
1, which defines the positive quantities involved. 
 
 
Figure 1: Energy balance for a material undergoing fatigue loadings. 
 
The specific heat loss Q  can now be averaged in a volume Vc surrounding the tip of the crack (see Fig. 2), according to the 
following expression [26]: 
 
* 1 1    = -
c cdc L cV S
Q Q dV h dS
V f V
             (2) 
 
where fL is the load test frequency and the heat flux h  is integrated in the portion of the boundary of Vc, Scd, through which 
heat energy is transferred by conduction according to [26,28]. 
T
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V
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Figure 2: Propagating fatigue crack and the assumed shape of the control volume Vc where the heat energy is to be averaged. 
 
The heat flux h  can be evaluated from the thermal gradients calculated from infrared temperature maps; therefore, referring 
to a two-dimensional problem, Eqn. (3) can be written as follows [26]: 
 
* ( , )1
c
k c
L c r R
T rQ t R d
f V r


 

 
             (3) 
 
where  is the coefficient of material thermal conductivity, tk the specimen thickness and  ,T r   the average temperature 
per cycle measured after the thermal equilibrium with surroundings is achieved, as shown in Fig. 3, which reports a typical 
temperature vs time acquisition at a point inside Vc after a fatigue test has started. If the temperature field is monitored by 
means of an infrared camera, Fig. 3a is the pixel-by-pixel temperature vs time history and it shows that temperature increases 
until the mean level stabilizes and the alternating component due to the thermoelastic effect is superimposed (see Fig. 3b). 
To calculate the average temperature field  ,T r   in Eqn. (3) let us consider a sampling window taken after thermal 
equilibrium with the surroundings is achieved (between ts and t* in Fig. 3a); the average temperature  referred to the i-th 
pixel is defined as follows: 
 
max
1
max
n
i
j
ji
m
T
T
n


           (4) 
 
where ijT  are the temperature data acquired at a sampling rate facq and nmax= facq·(t*- ts) is the number of picked-up samples 
between the start time ts (j=1) and the end time t* (j=nmax). 
 
J-integral estimations from the temperature field 
In the open literature (see [33], as an example), the Rice’s J-integral [30] is adopted as driving force to rationalise crack 
growth data in small as well as large scale yielding conditions. J can be evaluated by adding its elastic, Je, and plastic, Jp, 
contributions [33]: 
 
e pJ J J             (5) 
 
Evaluating the elastic contribution, Je, is very straightforward since it can be calculated according to Eqn.6a and 6b, for 
plane stress or plane strain conditions, respectively:  
Scd 
RC 
a 
2 x 
r 

rn 
Vc=πRc2·tk 
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KI being the linear elastic stress intensity factor for the same applied external load [33]. The experimental evaluation of the 
elastic and plastic components of the J-integral starting from infrared thermograms is reported in detail in the next sections. 
 
 
Figure 3: Time-variant temperature for i-th pixel (a) and detailed view (b). 
 
Evaluating Mode I Stress Intensity factor by means of Thermoelastic Stress Analysis 
The Thermoelastic Effect describes the local reversible temperature change, T, developed by a solid when deformed within 
its linear elastic regime. According with the first order theory [31], such temperature change is linearly correlated to the in-
plane first stress invariant through the following relationship: 
 
0 TH iiT T K               (7) 
 
where T0 is the initial material temperature at each thermoelastic acquisition, KTH is the material thermoelastic constant and 
ii is the change of the first stress invariant. Eqn.(7) is valid under the further assumptions of isotropic material and 
adiabatic behavior. This latter requirement is generally fulfilled by applying a rapidly varying load which usually consists in 
a cyclic load modulated above a suitable threshold frequency. In particular, Eqn.(7) shows that T is linearly related to ii 
and therefore it is modulated at the same frequency of the applied load. This allows to obtain T from the sampled 
temperature by means of lock-in correlation or other narrow band-pass filtering procedures in the frequency domain. This 
practice, also identified as Thermoelastic Stress Analysis (TSA), brings in the further advantage of suppressing most of the 
environmental noise that might affect the measured temperature.  
Therefore, TSA is able to provide the range of variation of the first stress invariant. Such stress metric can be used to retrieve 
stress intensity factors under both mode I and II at crack tips. One procedure for the evaluation of the range of variation 
of KI from T was introduced by Stanley and Chan in [32]. This allows the evaluation of KI from a simple linear 
regression, based on the following relationship: 
 
 
2 2 2
0 2
max
3 3 1
4 TH I
y T K K
T
     
        (8) 
 
where KI is obtained from the slope of the line interpolating the values of  y versus the experimental values of (1/max)2. 
In particular, Tmax represents the maximum value of the thermoelastic signal along a line running parallel to the crack line 
at a distance y. Eqn.(8) derives from modeling the near crack-tip stress field with the Westergaard stress equations arrested 
time
Tmi
(see Fig. 3b)
(a)
ts t*
Thermoelastic oscillations 
(under-sampled)
Tmi
time
(b)
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to first singular term. An advantage of the Stanley and Chan’s extrapolation method compared to other least square fitting 
approaches is that an accurate knowledge of the crack tip position is not required.   
Once KI is obtained from the maps of the thermoelastic signal T and from Eqn. (8), then Je can be obtained from Eqs. 
(6). 
 
Evaluating the plastic component of J-integral 
The total energy included in Vc can be separated in its elastic, ,CC eW , and plastic, ,CC pW , components: 
 
, ,
c
CC CC CC e CC p
V
W W dV W W              (9) 
 
where 
 
 , ,
c
CC e CC e
V
W W dV            (10a) 
 
 , ,
c
CC p CC p
V
W W dV             (10b) 
 
In [29], a linear link was established between the plastic component of the strain energy density, ,CC pW , and the plastic 
component of the J-integral, Jmax,p,: 
 
  , max,2 , 'CC p p p c
k
W k n J R
t
            (11) 
 
where (2 , ')pk n  is a constant depending on the notch opening angle and the cyclic hardening exponent. 
Assuming the generalised Ramberg-Osgood law, according to which the strain is equal to the sum of its elastic and its plastic 
component, the plastic component of the strain energy density can be evaluated from the plastic strain component of Eqn. 
(12): 
 
 
1 1
'
, 1
'
1
1 ' '
n
e
CC p
n
W
n K
             (12) 
 
where e  is the Von Mises stress and K' is the cyclic strength coefficient. 
For a Masing material [34], the plastic strain energy density per cycle,W , can be evaluated from the Ramberg-Osgood 
relation according to Halford [35]:  
 
1
'1 ' 2 2
1 ' '
ne
e
nW
n K
                  (13) 
 
Comparing Eqn. (12) and Eqn. (13), a link between W  and WCC,p is obtained, as depicted in Fig. 4: 
 
  ,4 1 ' CC pW n W             (14) 
 
Substituting Eqn. (14), Eqn. (10b) becomes: 
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4 1 '
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V
W WdV
n
            (15) 
 
 
Figure 4: The plastic strain energy density per cycle, W , and the plastic component of the strain energy density, Wcc,p, at a point inside 
the material control volume. 
 
There is now a body of experimental evidence that most part of the plastic strain energy per cycle W  is converted into heat 
energy [36][37]. Letting W=Q  and using the definition of *Q  (Eqn. (2)), Eqn. (15) can be written as follows: 
 
  
*
,
1
4 1 '
CC p cW Q Vn
            (16) 
 
Finally, Eqn. (11) can be re-formulated to link the averaged heat energy and the plastic component of the J-integral: 
 
   *
max,
4 1 ' 2 , 'p
p
c
n k n
Q J
R


           (17) 
 
Therefore, in the case of plane stress conditions, Eqn.(5) can be written in terms of maximum value of the J-integral as: 
 
   
2
,max *
max 4 1 ' 2 , '
I c
p
K RJ Q
E n k n


           (18) 
 
 
MATERIAL, SPECIMEN GEOMETRY AND TEST METHODS 
 
onstant amplitude, fully-reversed (R=-1), load controlled crack propagation fatigue tests were carried out on 
specimens prepared from 4-mm-thick, hot-rolled AISI 304L stainless steel sheets [28]. All tested specimens were 
characterised by a 8-mm-deep crack starter, but different notch opening angle and notch tip radius, as shown in 
Fig. 5. After polishing both specimens surfaces and mat black painting one of the specimen surfaces in order to increase 
the emissivity, the evolution of material temperature during the fatigue tests was monitored by using a FLIR SC7000 infrared 
camera. In order to improve the spatial resolution, a 30-mm-spacer ring was adopted, to achieve 23 m/pixel. On the other 
hand, the Field of View (FoV) was reduced to 320x256 pixels and the temperature field was acquired by positioning the 
crack tip itself in the centre of the FoV to avoid vignetting. During the fatigue test, thermal images were recorded at given 
C 
8 
a 
g 
g 
RC 
a 

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
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crack lengths with a frame rate facq=200 Hz for a time window equal to 5 s (t*-ts = 5s in Fig. 3a), translating into 
200x5=1000 acquired images. Subsequently, the temperature maps were processed by using the MotionByInterpolation tool 
to allow for the relative motion compensation between the fixed camera lens and the moving specimen due the sinusoidal 
applied load; the infrared image sequences were then analysed to perform the Thermoelastic Stress Analysis as well as to 
derive *Q .  
In this work TSA was implemented off-line, i.e. after the thermal sequences had been acquired. Furthermore, no physical 
reference signal was acquired alongside with the temperature sampling, and a self-reference lock-in correlation had to be 
used. The procedure employed to implement TSA consisted in the following steps:  
 Each sequence of thermograms, having a time span of 5 sec and a frame rate of 200 Hz, was imputed into Matlab, by 
using the Flir ResearchIR MAX v.3.4 exporting feature;  
 The temperature-time signal from selected points at high stress locations was analysed in the frequency domain by 
applying the Discrete Fourier Transform (DFT), via the fft Matlab function. The analysis of the power spectrum from 
the DFT allowed to identify the frequency carrying the thermoelastic signal, fL;  
 The peak-to-peak amplitude T and the phase of the harmonic at the frequency fL were retrieved from each point, by 
applying a least square fitting of the experimental data with the following equation [38]: 
 
       ( ) cos 2 sin 2 cos 2 2 sin 2 2L L L LT t a bt c f t d f t e f t f f t                         (19) 
 
where t is time and c, d, e, f represent the in phase and in quadrature components of the thermoelastic signal and 
second harmonic amplitudes. The thermoelastic signal range and phase are readily obtained by:  
 
2 22 ;   phase=atan(d/c)T c d           (20) 
 
It is here reported that the values of T obtained with the above least square fitting procedure were also compared 
with the values of T obtained directly with the DFT fft Matlab function (implemented in [29]), yielding the same 
results.  
The values of T and phase are mapped and referred to as Thermoelastic Signal range and Thermoelastic Signal phase. 
The Thermoelastic constant KTH, needed in Eqn. (8), had been evaluated experimentally for the material investigated, 
resulting KTH=3.75·10-6 MPa-1 [39]. Regarding the estimation of *Q , the spatial distribution of the pixel-by-pixel average 
temperature imT  was calculated by averaging the available 1000 frames according to Eqn. (4) using the ALTAIR 5.90.002 
commercial software; finally, the *Q  parameter was evaluated by applying Eqn. (3). After every acquisition of the 
aforementioned 1000 temperature frames, the fatigue test was stopped to allow the crack length to be measured by using a 
AM4115ZT Dino-lite digital microscope operating with a magnification ranging from 20x to 220x. The microscope 
monitored the specimen surface opposite to that stared by the infrared camera.  
 
 
Figure 5: Specimen’s geometry (rn=0.1 mm for 2=45°, rn=0.15 mm for 2=90°; thickness is 4 mm; dimensions in mm) 
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EXPERIMENTAL EVALUATION OF THE J-INTEGRAL, BASED ON THERMAL MEASUREMENTS 
 
n this section, the procedure for the evaluation of J-integral according to Eqn.(18) will be described. In view of this, 
the evaluation of the (2 , ')pk n  constant is needed. Therefore, two dimensional, plane stress, linear elastic as well as 
elastic-plastic finite element analyses of the tested specimens were performed in Ansys® 16.2 commercial software, by 
using 4-node PLANE 182 element. The cyclic curve plotted in Fig. 6 was implemented, along with the Von Mises plasticity 
rule and the isotropic hardening behaviour. J-integral calculation was based on the domain integral approach implemented 
in Ansys®. For more details of FE analyses, the reader is referred to [28]. Once evaluated KI,max and Jmax from purely elastic 
and elastic-plastic analyses, respectively, Jmax,p was calculated from Eqn.(5).  ,cc pW  evaluated in a control volume Rc=0.52 
mm versus Jmax,p is shown in Fig. 7 and it can be seen that a linear relationship can be proposed with (2 , ') 0.869pk n   in 
Eqn. (11) and a coefficient of correlation R2=0.9976. 
 
 
Figure 6: Cyclic stress-strain curve of the 4-mm-thick hot rolled AISI 304L stainless steel specimens [28]. 
 
 
Figure 7: Plastic strain energy included in the control volume Vc versus the plastic component of the J integral (n=applied net-section 
stress). 
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Once evaluated the (2 , ')pk n  constant, the experimental procedure for the J-integral evaluation can begin. In this paper, 
it will be described with the reference to a specimen of those tested during the crack propagation tests and highlighted in 
Fig. 8, by means of a red circle [28]. The selected sample has rn=0.1 and 2=45°, and the total crack length is a=11.66 mm, 
while the applied gross-section stress amplitude is 81 MPa with a test frequency of 35 Hz, translating into a KI,FE evaluated 
by linear elastic finite element analysis equal to 35.4 MPa·m0.5. Fig. 9 shows the temperature map averaged over 1000 frames, 
after the motion-compensation process. 
 
 
Figure 8: Crack propagation curves (red circle the specimen considered in this paper to describe the experimental procedure to evaluate 
the J-integral). 
 
Figure 9: Average temperature field for a specimen having 11.66-mm-long crack, loaded at KI,FE=35.4 MPa·m0.5, fL=35 Hz. The cross 
sign indicates the crack tip position as estimated by the optical microscope. 
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Evaluating the elastic component of J-integral by Thermoelastic Stress Analysis 
Examples of Thermoelastic Signal T and phase maps, obtained after the least square fitting procedure based on Eqn.(19), 
are reported in Figs. 10 and 11. Figs. 10b and 11b report also a close up view of the near crack tip zone, where the crack tip 
position, as measured by the optical microscope, is marked by a “x” sign. The points used in the linear regression procedure 
of Stanley-Chan are highlighted in fig. 12, which reports the plot of y vs 1/(Tmax)2 according to Eqn.(8). The same points 
used in the linear regression are indicated by white dots in figs. 10b and 11b.  
 
 
Figure 10: Map of thermoelastic signal range T (a) and detail of region “A” (b) (sample crack length 11.66 mm, KI,FE=35.4 
MPa·m0.5) 
       
 
Figure 11: Map of thermoelastic phase (a) and detail of region “A” (b) (sample crack length 11.66 mm, KI,FE=35.4 MPa·m0.5). 
 
From Fig. 11 it is seen that the zero degree absolute reference for the phase map is, as routinely done in the literature for 
cracked specimens, attributed to the zone under traction ahead of the crack tip (i.e. in the ligament). It is noticed that the 
zone nearest to the crack tip presents a shift in phase. Such shift is widely reported in previous studies, and is mainly 
attributed to a loss of adiabaticity due to the steep stress gradients in the singularity dominated zone. The onset of dissipation 
effects and plasticity can be a further explanation for the departure from the expected thermoelastic laws behavior.   
Fig. 11b in particular shows how the phase shifted zone is confined to an area next to the crack tip of size smaller than 
about 0.5 mm. It is also observed that the points used in the linear regression of Eqn.(8) fall outside this out-of-phase zone. 
This gives some confidence that the loading frequency applied (35 Hz) is sufficient to guarantee the onset of adiabatic 
behavior in the areas where the thermoelastic signal is used for the quantitative evaluation of KI. In the case of the example 
(a) (b)
(a) (b)
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of Figs. 10, 11, it is in particular found KI=36.51 MPa·m0.5. This value is about 3.2% higher than the value calculated by 
means of linear-elastic FE analysis. In [29], it was pointed out that, considering the analysed test conditions, values of KI 
have been found to differ from numerical values obtained from linear elastic FE analyses by generally less than 10 %. This 
level of approximation is comparable to that generally reported in the literature [40]. Having KI (KI=KI/2), the elastic J-
integral can be evaluated according to Eqn.(6a), finding Jmax,e=1712 J/m2. 
 
 
Figure 12: Plot of y versus (1/Tmax)2 for specimen with crack length 11.66 mm, and KI,FE=35.4 MPa·m0.5. 
 
Evaluating the plastic component of J-integral by the heat energy loss 
During the crack propagation fatigue tests, the crack length and the temperature field were measured at several times t = ts, 
regularly distributed during each fatigue test after thermal equilibrium was achieved. As stated above, 1000 infrared images 
were acquired at each time ts, then they were processed with the MotionByInterpolation algorithm and finally Eqn. (4) was 
applied. As an example, the temperature fields related to the sample shown in Fig. 8 for =0° and 135° (see Fig. 2) are 
shown in Fig. 13a and 13b, respectively. Red circles are the data considered for the evaluation of spatial temperature gradient 
at r=Rc and the specific heat flux h  calculated along the boundary of Vc is shown in Fig. 14. Then, *Q  was evaluated 
according to Eqn.(2), finding * 3Q =0.67 MJ/(m cycle)   and the plastic component of J-integral was finally calculated 
according to Eqn.(17), as Jmax,p=443 J/m2, giving J= Jmax,e+ Jmax,p=1712+443=2155 J/m2.  
 
    
Figure 13: Experimental radial temperature profiles measured for =0° (a) and =135° (b) and evaluation of temperature gradient for 
r=Rc=0.52 mm. 
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Figure 14: Specific heat flux distribution measured along the boundary of Vc (Rc=0.52 mm; a=11.66 mm; KI,FE=35.4 MPa·m0.5, fL=35 
Hz).  
 
 
CRACK PROPAGATION DATA RATIONALIZED IN TERMS OF EXPERIMENTAL J-INTEGRAL 
 
he crack propagation data shown in Fig. 8 have been reanalyzed in terms of experimental J-integral in Fig. 15, along 
with the mean curve, the 10-90% survival probability scatter band and the scatter index Tda/dN. Considering that the 
fatigue tests were carried out by imposing a load ratio equal to -1 (R=-1), the J was assumed equal to Jmax. The 
crack growth rates were synthesized in terms of J evaluated by means of FE analyses in Fig. 16. It can be seen that 
numerical results are very well fitted by the 10-90% survival probability scatter band shown in Fig. 15.  
 
 
Figure 15: Crack propagation rates versus the J-integral range evaluated from temperature measurements.  
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Figure 16: Comparison between finite element results and the scatter band fitted on the experimental values of J shown in Fig. 15. 
 
 
CONCLUSIONS 
 
n this paper, an experimental procedure to calculate the J-integral during a fatigue test is presented. Such a technique 
is based on the measurement of the temperature distribution close to the tip of a propagating crack. The presented 
methodology calculates separately the elastic and the plastic components of J-integral and it requires adopting an 
infrared camera with high temperature resolution and spatial resolution. The elastic component is calculated from the 
Thermoelastic Stress Analysis and the plastic component from the specific heat loss per cycle averaged over a control 
volume of material. The proposed experimental technique has been applied to fatigue crack growth data generated from 
push-pull, axial fatigue tests of 4-mm-thick hot rolled AISI 304L stainless steel specimens. The crack propagation data were 
correlated in terms of range of the elastic-plastic J-integral. Finally, the experimental values of J were successfully compared 
to those calculated by performing elastic-plastic finite element analyses. 
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